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PACS numbers: 11.15.Pg, 12.38.-t, 12.39.Fe Since the inception of Chiral Perturbation Theory (χPT) [1] a lot of effort has been dedicated to the determination of the chiral low-energy constants (LECs), whether from hadronic observables or through spectral representations of Green functions that are order parameters of spontaneous chiral symmetry breaking. However it is well known that the LECs of every effective field theory collect information from degrees of freedom that have been integrated out to obtain the low-energy Lagrangian. In consequence it has been put forward that chiral LECs would receive a contribution from the low-lying resonances that do not appear in χPT. This idea has been explored through the construction of a phenomenological Lagrangian (RχT) involving one multiplet of vector, axial-vector, scalar and pseudoscalar resonances [2] and the conclusion that was achieved assesses the fact that the tree-level integration of the lightest resonance fields saturate the phenomenological values of O(p 4 ) chiral LECs. An extension of this result up to O(p 6 ) would be expected [3] .
The resonance theory can be better understood within the framework of large-N C QCD [4] where tree-level interactions between an infinite spectrum of narrow states implemented in a chiral invariant Lagrangian provide the LO (N C → ∞) contribution to Green functions of QCD currents. Thus the idea of matching the tree-level functions, evaluated within RχT [16] , with those of QCD in the same limit [3, 5, 6, 7] arises naturally and it has been shown to broaden widely our knowledge on the construction of the theory by providing large-N C estimates of the coupling constants in the Lagrangian that turn out to be in remarkable agreement with the phenomenology.
The O(p 4 ) couplings in χPT (L i ) and in the theory where the resonances are still active degrees of freedom ( L i ) are related upon integration of the resonance fields:
where L R i (µ) is the contribution stemming from the lowenergy expansion of the resonance contributions. The statement of resonance saturation of the O(p 4 ) χPT couplings alleges then that L i (µ) = 0, i.e. that the values of the LECs are generated by the decoupling of the mesonic states which lie above the Goldstone particles. This assertion immediately raises the question of its validity for a determined value of µ or if the result is accomplished for any value ("extreme" version of resonance saturation [8] ). The latter possibility is specially interesting because of its simplicity and naturalness: the L i (µ) couplings are then predicted as a function only of the resonance parameters.
At LO in the 1/N C expansion, the asymptotic behaviour of QCD correlators require that L i = 0 [5] , in the RχT formulation where spin-1 mesons are described by antisymmetric tensor fields. A µ-dependence in the chiral couplings may appear through quantum corrections. Since the 1/N C expansion is equivalent to a semi-classical approximation, there is a 1/N C suppression for each loop. Therefore NLO corrections in the large-N C framework are given by one-loop diagrams generated by the RχT Lagrangian and studies along this line of research have not been carried out until recently [8, 9, 10, 11, 12] . A proper question that follows is to find out if resonance saturation still holds at NLO in the 1/N C expansion. Within this issue it has been pointed out [8] the possible connection between resonance saturation and the implementation of short-distance constraints in the Lagrangian theory. In Ref. [11] , using the background field method, the full one-loop computation of the β function that renormalizes the resonance theory with scalar and pseudoscalar resonances was performed. Indeed one of the main conclusions of that work was that those O(p 4 ) chiral LECs related with the resonance content of the theory satisfy vanishing renormalization group equations when short-distance information is used to determine the LO resonance couplings.
In this letter we provide an explanation of this fact concluding that resonance saturation of the U (3) L ⊗ U (3) R O(p 4 ) chiral LECs related with scalar and pseudoscalar resonances is satisfied at NLO in the 1/N C expansion as a consequence of imposing the right high-energy behaviour on form factors calculated within the theory. In particular, we show that
, and for α 18 [17] . We also show the absence of running for the couplings H 2 , L 6 and L 7 , though for the latter we can only conclude that the NLO finite part of the combination L 6 + L 7 must vanish.
The U (3) L ⊗ U (3) R chiral Lagrangian with scalar and pseudoscalar resonance fields used in Ref. [11] (see also [3] ) has, at leading order in 1/N C , the structure:
where R stand for resonance nonets of scalars S(0 ++ ) or pseudoscalars ∼ RRχ (2) , where RR = SS, P P, SP . Upon resonance integration doubleresonance terms contribute first at O(p 6 ), but they can be required to satisfy the short-distance behaviour of resonance form factors [12] . The truncation of the infinite tower of zero-width resonances of the large-N C spectrum to the lowest-lying multiplet, as done in [3, 11] , is not essential in what follows, but can be assumed to ease the discussion. Likewise, the addition of interaction terms with three resonances [3] does not change the conclusions of this paper.
Quantum effects can be computed in this large-N C framework and yield NLO corrections to tree-level results. Dimensional analysis tells us that one-loop diagrams are of O(p 4 , p 2 M 2 R ), so it is obvious that additional operators are needed to renormalize L RχT above [11] . Among those, we shall be interested in the counterterms from the Goldstone boson Lagrangian L GB 4 = i α i O i (notice that we write α i as short for all the O(p 4 ) chiral couplings). The absorbed divergences provide a scale dependence in the renormalized couplings α i (µ), which is obtained by solving the renormalization group equations :
The γ i are the divergent coefficients of the counterterms in L GB 4
and have a functional dependence with the couplings of L RχT . As expected, the large-N C counting of γ i shows a 1/N C suppression with respect to the LO value of the corresponding α i . The leading logarithm in the evolution of the α i constant can thus be obtained by plugging the LO values for the L RχT couplings inside γ i , i.e. ignoring the µ dependence on the right-hand-side of the RGE equations. Consequently, a zero value for the divergent part of the α i constant automatically implies that it does not run at one-loop in the large-N C framework.
By explicit computation we found [11] that the divergent part of 7 out of the 16 L GB 4 couplings vanishes after LO predictions for the constants in L RχT are used. The couplings that share this feature are the ones accompanying operators with a χ ± tensor, that are relevant for the renormalization of the two-point correlator functions of two scalar or pseudoscalar currents ( L 6 , L 7 , L 8 and H 2 ), and for the scalar form factors to two Goldstone bosons ( L 4 , L 5 and α 18 [11] ). Next we show that the absence of running for both sets of couplings is a consequence of enforcing the correct high-energy behaviour in the tree-level scalar and pseudoscalar form factors.
Let us consider the two-point functions built from two scalar (SS) or two pseudoscalar (P P Fig. 1 ), and their divergent parts are fixed uniquely by the renormalization of the SS and P P correlators, respectively. Other diagrams with counterterms connected to the external currents with one or two propagators may also be required in order to absorb all the divergences from the one-loop graphs. Among the latter, note that the divergences arising from tadpoles do not play any role in the determination of the local counterterms.
The relevant topologies involve loops with two propagators. After reduction to scalar integrals, all terms are proportional to the scalar two-and one-point functions B 0 (q 2 , M 2 , M ′2 ) and A 0 (M 2 ) [13] , with M, M ′ any of the masses inside the loops and q the momentum flowing into the current vertex. The divergences that have to be canceled by the local counterterms of L GB 4 are the ones proportional to O(q 0 ). Due to the fact that the 1/ǫ terms from the one-point scalar function are proportional to a mass squared, it is easy to convince oneself that the O(q 0 ) divergences in the SS and P P correlators come solely from the two-point functions B 0 .
The spectral functions of the scalar and pseudoscalar correlators are generated from the discontinuities of the two-point functions. Using the optical theorem, the spectral function can be written as a sum over the form factors of all absorptive contributions:
At one-loop, any of the possible absorptive contributions, n, comes from the two-particle cuts in the diagrams of Fig. 1 . If we stick to the particle content in L RχT , the terms in the sum correspond to n = φφ, Rφ, RR, where φ denotes a Goldstone boson and R = S, P is a resonance field. The one-loop spectral function is thus entirely determined by the tree-level scalar and pseudoscalar form factors to these two-particle states. It is a commonly accepted statement that the individual form factors of QCD currents should vanish at infinite momentum transfer [14] . In RχT the appropriate high-energy behaviour is guaranteed by the well-known relations among the resonance couplings at LO in the large-N C limit. Since the kinematic factors ξ n (q 2 ) behave as O(1) in the q 2 → ∞ limit for the allowed two-particle cuts from L RχT , the short-distance behaviour of the form factor leads immediately to a vanishing O(q 0 ) term for the spectral functions. As the O(q 0 ) absorptive and divergent parts of the correlators come together in the B 0 's, it follows that they are affected by the same suppression. We therefore reach the conclusion that the divergent O(q 0 ) piece of the SS and P P correlators, responsible for the running of L 6 , L 7 , L 8 and H 2 , must vanish if the tree-level scalar and pseudoscalar form factors computed from the theory behave as 1/q 2 at large q 2 . In more physical terms, imposing the right short-distance properties at the Lagrangian level produces ultraviolet finite results for the O(q 0 ) correlators so that the renormalization of the local terms is not needed.
The whole argument above can be simplified as follows. If we expand the correlator in q 2 , we realize that the O(q 0 ) terms from the different one-loop diagrams are either zero or proportional to a unique function: B 0 (q 2 , 0, 0). When we impose relations among the couplings so that the imaginary part of the correlators vanishes, we are indeed setting the coefficient multiplying B 0 equal to zero. This cancels out the whole O(q 0 ) term, including the 1/ǫ and the finite parts. The saturation of the couplings at NLO in the large-N C counting is thus complete: the running is zero and a local NLO finite piece from the L 6 + L 7 and L 8 couplings is not allowed because of its wrong high-energy behaviour, since for massless quarks the correlator SS − P P vanishes as 1/q 4 at large energies [15] . The absence of a NLO piece from L 8 in L RχT is consistent with a recent determination of the χPT low-energy coupling L 8 (µ) [10] .
Similarly, counterterms of the operators L 4 , L 5 and α 18 can be determined by the renormalization of the scalar form factor of two Goldstone bosons. At one-loop the form factor is of chiral order q 2 , and the allowed topologies are shown in Fig. 2 We shall prove first that the O(q 2 ) term of the oneloop calculation is only proportional to q 2 B 0 (q 2 , 0, 0). For the bubble topologies (diagrams in the first line of Fig. 2 ) this is inferred from the discussion above. A new feature arises from the three propagator integrals. After the reduction of the one-loop diagrams with three propagators is done, the leading term in the q 2 → ∞ limit can only be proportional to q 2 B 0 (q 2 , 0, 0) or, a priori, to q 4 C 0 (q 2 , 0, 0, 0), based on pure dimensional grounds. This is because the leading order in q 2 of the scalar threepoint function, C 0 , behaves as 1/q 2 . However it is easy to show that no terms proportional to q 4 C 0 can arise from the triangle loops. Choose the routing of the loop momentum k such that it is assigned to the vertical line in the triangle. The O(p 2 ) vertices connected to the outgoing Goldstone bosons, with momenta p 1 and p 2 , can thus yield
factors. Take, for example, the upper outgoing line to be p 1 , and write the upper vertex factors as
with M the mass of the particle in the vertical propagator. These factors then give either one square mass term multiplying the threepropagator integral, or has the structure of one of the propagators joining at the vertex. In the latter case one gets two-propagator integrals that yield B 0 or A 0 functions. In particular, only the two-point function which arises when the vertical propagator is canceled out can pick an additional q 2 from the other vertex and yield a q 2 B 0 . On the other hand, a scalar three-point function only survives if we pick the mass squared term from each vertex. We thus conclude that C 0 enters the result with a M 4 factor in front. Possible one-point functions A 0 do not contribute to the leading order in q 2 either, since they are proportional to a square mass. The same is true for the last two one-loop diagrams in Fig. 2 . Now consider the absorptive contributions of the oneloop diagrams. According to the discussion above, only the two-particle cuts in the s-channel contribute to the imaginary part of the leading terms in q 2 , proportional to q 2 B 0 . The optical theorem states that the one-loop form factor into two Goldstone bosons is given by the sum of the tree-level form factors to all possible intermediate states times the conjugate tree-level scattering amplitude of the intermediate state to two Goldstone (which is O(p 2 ) in the chiral counting). Therefore, the O(q 0 ) contributions to the tree-level scalar form factors that can be built from L RχT are all contained in the twoparticle cuts in q 2 B 0 . If the tree-level form factors obey the 1/q 2 suppression, we conclude that the global coefficient multiplying the q 2 B 0 terms from the various oneloop diagrams must vanish. Consequently there is neither an O(q 2 ) divergence to be absorbed by the local counterterms of L 4 , L 5 and α 18 , nor any O(q 2 ) finite piece coming from the loops. A possible NLO finite piece from the L 4 , L 5 and α 18 operators cannot thus be canceled by possible loop contributions, and it is not allowed if the scalar form factor to two Goldstone bosons has to obey the 1/q 2 behaviour at NLO in the large-N C counting. It is rather tempting to apply the preceding discussion to study the renormalization of the vector-vector and axial-vector-axial-vector correlators, and to the vector form factor into two Goldstone bosons, since they are the key objects to determine the divergent piece of the couplings L 9 , L 10 and H 1 . Obviously, this requires the introduction of vector and axial-vector meson fields in the large-N C Lagrangian, which can be done systematically [2, 3] . A problem, however, arises from the fact that the spin-1 field propagator behaves as O(q 0 ) at large q 2 and breaks the q 2 -counting advocated before for scalar and pseudoscalar resonances. This fact can produce oneloop terms that are higher than O(q 2 ) enhanced with respect to the tree-level ones when spin-1 resonances flow inside the loops (see e.g. the one-loop vector form factor computation in Ref. [9] ). The proof given above applies only to the leading order divergence for large q 2 associated to each intermediate state. Thus from the loops with involve cuts with spin-1 resonances, we can only conclude that their contributions to the divergent part of certain L couplings, namely L 1 , L 2 , L 3 and α 3 , α 4 , α 17 [11] , that are relevant for the renormalization of the elastic Goldstone boson scattering amplitude at one-loop, we can expect that the analysis of the high-energy behaviour of the treelevel scattering amplitude of Goldstone bosons to the possible intermediate states could yield constraints on the running of these couplings, but at the moment this is just a desirable conjecture.
In conclusion we have established that those U (3) L ⊗ U (3) R chiral LECs of the large-N C resonance theory related with scalar and pseudoscalar resonances do not run at NLO when the theory is properly devised, i.e. once the right high-energy behaviour of form factors has been implemented by tuning the couplings of the resonance theory at LO. In between we also conclude that any NLO
